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ABSTRACT

This study presents a research designed in order to investigate the way that the im-
plementation of history of mathematics in the teaching process affects the understand-
ing of the concept of similar triangles by the students. It was carried out during the
2020-21, and twenty-one 14-year-old students participated in it. This didactical inter-
vention helped students to acknowledge not only the importance of the concept of
similar triangles, but its historical evolution as well.

1. The integration of the History of mathematics in the teaching of the
similarity of triangles.

Many researchers have referred to the benefits of using the History of Mathe-
matics in teaching. The reasons why incorporating history is useful have been
categorized from time to time and presented in various articles. Fried (2001)
summarized these arguments into three categories. The first has to do with the
fact that the history of mathematics makes mathematics more human by con-
necting the study of mathematics with human motives. The second is that it
stimulates students' interest by giving variety to the approach of different con-
cepts and by showing the role of mathematics in society. The third category
refers to the fact that history provides knowledge about concepts, problems
and problem solving.

1.1 Ways of using the history of mathematics in teaching similar trian-

gles.

In this particular teaching intervention, we made an approach to teaching the
similarity of triangles, inspired by the historical evolution of the concept. The
highlights of this development were identified and given to students through a
sequence of problems adapted to modern teaching contexts. Thus, in this way
as reported by Tzanakis and Thomaidis (2000), history offers a deeper and
more comprehensive understanding of the specific subject.
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Also, an authentic historical source was used, namely an excerpt of J. Er-
rard’s book La géométrie et pratique générale d'icelle. In this excerpt, Errard
describes the construction of an instrument for measuring inaccessible dis-
tances as well as how measurements are made on a flat surface.

According to Jahnke et al. (2000), three concepts best describe the teach-
ing effect of using authentic sources: The concept of replacement, the concept
of reorientation and the concept of cultural understanding.

In the first case, the integration of history offers something different from
the usual, because mathematics is seen as an intellectual activity rather than a
set of knowledge and techniques. In the sense of reorientation, in understand-
ing a historical text, we remember that concepts were invented and did not
just emerge. According to the cultural understanding, mathematics is placed in
a specific scientific and technological context of the history of ideas and soci-
eties. By studying this passage, the students had the opportunity to understand
the social need that led to the construction of Errard's tool. They could also
understand that the concept of similarity of triangles is not only limited to the
techniques of calculating the sides of a triangle but has important applications
in problematic situations of everyday life.

1.2.The Errard’s historical instrument and its role in teaching similar
triangles.

An instrument in mathematics is the result of an invention and its use can cer-
tainly give more knowledge about it than a simple description of it in words
(Barbin, 2016). The introduction of cultural artefacts into the classroom also
strengthens the connection between school mathematics and the knowledge of
everyday life (Bussi, 2000). In addition, it is important that the construction of
artefacts helps the interaction and communication between students who work
in team to achieve the goal (Bussi et al., 2014).

For the above reasons, therefore, in addition to studying the passage in
which Errard's instrument is described, the students had the opportunity to
construct and use it.

2. The research

2.1. Purpose and research question.
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Our research intervention study the similar triangles. It was implemented in
the 2020-2021 academic year to twenty-one students in ninth grade. The pur-
pose of the research was to study how the integration of the History of Math-
ematics in the teaching of similar triangles, affects the degree of understand-
ing of the concept by the students.

The research question was: In what way does students’ dealing with histor-
ical problems and constructing/using a historical instrument affect their un-
derstanding of the concept of similar triangles. The research tools were: sev-
en work sheets, a cognitive test and researcher’s notes during the intervention.
We gave one teaching hour to each worksheet.

2.2. The intervention.

In the first worksheet, as an introduction to the concept of similar triangles,
we prepared activities based on the Thales’ conclusion that “multiple gno-
mons have equally multiple shadows”. Students worked in a GeoGebra file
(Fig.1) and found the equal ratio of the homologous sides of two right trian-
gles. After that, they compared the angles of the two triangles, and they con-
cluded that they are equal. In that way, they came up with the definition of
similar triangles.

Figure 1. An image from student’s work on GeoGebra

After that, the students had to write down the differences between similar and
equal triangles. They also had to draw a similar and an equal triangle to one
triangle designed in their worksheet, using geometrical tools.

We noticed that the students pointed out the differences and easily con-
structed the shapes. They seemed to have understood the stability of the ratio
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of the homologous sides of similar triangles. However, they met difficulties in
describing the process they followed to design the two shapes. Only four stu-
dents made an appropriate description. Some students could not find the ap-
propriate words for their description, while others only mentioned the defini-
tions of equal and similar triangles and then sketched the triangles.

In the second worksheet students had to deal with two tasks. In the first
task students had to draw, without using geometrical tools, two similar trian-
gles in the plane and two similar triangles in space. Students draw similar tri-
angles in the plane successfully, but it was difficult enough for them to imag-
ine and make such shapes in space. Unfortunately, students of that age are not
familiar with the shapes in space or with the concept of perspective in general.

In the second task students worked on a 3-D GeoGebra file (Fig.2). At
first, they had to find that the two triangles are similar, using the definition of
similar triangles. Then they could move M and N point (Fig.2) and they no-
ticed that the corresponding angles are still equal. In that way they concluded
that two triangles with equal corresponding angles are similar.

Figure 2. Another image from student’s work on GeoGebra

In the third worksheet, students studied an excerpt of an original historical
source from Plutarch’s work “Morals”. They tried to understand the way that
Thales measured the height of the Great Pyramid of Giza, thus understanding
the need for finding a way of measuring inaccessible heights. After that, they
were given the appropriate distances and they had to find the height of the
pyramid and describe the procedure (Fig.3).
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Figure 3.

The discussion between the students about the method followed by Thales
in measuring the height of the pyramid, stimulated their interest and most of
them managed to calculate it. They used the criterion of similarity to prove
that the two right triangles were similar and then they found the height using
the equal ratio of the homologous sides. However, only 11 students managed
to describe verbally that procedure.

Two examples of the descriptions of the students are given below:

“He used the similar triangles which have proportional sides and equal
angles. Thales found the ratio of the shadows and thus managed to find the
ratio of the rods, i.e. the height of the pyramid.”

“Thales calculated the pyramid’s height using the triangles ABA" and
A’B'T’. Both triangles are formed by the rays of the sun. As we already
know, the rays are not far apart, so the angles B and B” are equal. The angles
A and A’ are right angles therefore according to the similarity criterion the
two triangles are similar.” For the fourth worksheet, we used an original his-
torical source translated in Greek, some excerpts from the book, La geométrie
et pratique genérale d'icelle, by the 16th century French engineer Jean Errard.
In this book, Errard describes the design and construction of an instrument for
measuring inaccessible lengths, based on the theory of similar triangles
(Fig.4). The aim was for students to learn about another way of measuring in-
accessible distances and to think about aspects of everyday life that we can
use this instrument. The students liked the study of this original source but
found it quite difficult to understand the contents of the passage.

Nevertheless, all the students after processing the text information about
the Errard’s instrument managed to make a drawing of it on their worksheet.
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Figure 4.

Based on the previous worksheet, as well as on the instructions of the
teacher (fifth and sixth worksheets), the students were divided in groups and
each group made its own instrument which they used to measure an inaccessi-
ble height in the school building (Fig.5). To construct the instrument, they
used: three numbered pieces of modelling paper 15 cm long each, a bolt, a
plastic sight, a clamp and a pin. Students could move two of three pieces and
they had to keep the other one horizontal by using a level thread.

Figure 5.

In the seventh worksheet students dealt with three historical mathematical
problems which were all solved by using the similar triangles concept.

The first problem was solved by Thales himself and involved measuring of
the distance of a ship from the harbour (Fig.6). In this problem, about half of
the students described verbally the process followed by Thales, but found it
difficult to prove that the triangles are similar. They could not find the pairs of
equal angles, because no one mentioned in his description the parallelism of
the two sides of the triangles.
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Figure 6.

The second problem was the measuring of the depth of a well, which is in-
cluded in the Chinese book, Jiuzhang suanshu, written between 100 BCE and
100 CE. In this problem, the students very easily recognized the similar trian-
gles and using the appropriate equality of ratios calculated the required depth

(Fig.7).

Figure 7.

The third problem was about the “Efpalinos tunnel”, a tunnel constructed
in the Greek island of Samos in order to irrigate the city of Samos from a
spring high in the mountains (Fig.8). First, the students watched a relevant
video and then, based on this, they had to describe how Efpalinos measured
the length of the tunnel. They had a lot of difficulty, so it was necessary to
watch the video twice and have a discussion with the teacher so that they
could be able to describe the process Efpalinos followed using the similarity
of triangles.

By

Figure 8.
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In the cognitive test, there were four problems. The first two problems
(Fig.9) were about two different ways of calculating an inaccessible height.
The students had to calculate the height of these two buildings and to describe
how they did it. Almost everyone calculated the height using the equality of
the ratio of the homologous sides, in both problems. However, in the first
shape was difficult for them to find the pairs of the equal angles, in order to
prove the similarity of the triangles. Only six students finally proved it. Fur-
thermore, seven (other?) students described verbally the process that someone
could follow to calculate the height of the two buildings.

Figure 9.

In the third problem, students were asked to calculate the length of the div-
ing board (Fig.10). 19 students successfully calculated this length. 12 of them
used the similarity of the right triangles, that one is contained into the other.
They found it easier to find the equal angles.
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Figure 10.

In the fourth problem, students had to calculate the unknown lengths x and
y of the sides of the second triangle (Fig.11). 19 students proved the similarity
of the triangles and found x and y, using the equal ratios of the homologous

sides.
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Fig.11

3. Conclusions

The purpose of our intervention was to investigate the extent to which the im-
plementation of the History of Mathematics in the teaching process will help
the students to understand better a specific subject. The subject we chose was
the similarity of triangles. It was obvious that the enrichment of the lesson
with the historical references stimulated the interest and the curiosity of the
students and helped students to cooperate with each other and also to create a
positive climate about dealing with the subject of similar triangles. The fact
that we used a hands-on approach, in particular the students' construction of
Errard's tool, contributed to a better understanding of the concept of the ratio
of the homologous sides of the triangles, as they had to do the measurement
and design process themselves. With this construction and also by solving his-
torical problems, the students understood why the concept of similarity of tri-
angles is important and where it is used, which contributes positively to its
understanding. Another thing that we noted during the intervention was that
the students struggled in the questions where they needed to develop a verbal
proof. They also faced difficulties when they had to transfer the real situation
to paper, during the measurement of an inaccessible distance. This research
took place during pandemic. The schools in Greece were closed for almost
three months. This fact affected the planning of the teaching intervention and
limited our available time as it had to be carried out when the schools were
open. It would be interesting if this research happened again under normal
conditions.
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