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ABSTRACT

A would-be cognitive scientist needs to get familiar with three mathematical landmarks: Turing ma-
chines, Neural networks, and Godel’s incompleteness theorems. This paper explores the mathematical
foundations of cognitive science, focusing on these historical works. We begin by considering cognitive
science as a metamathematics. The following parts address two mathematical models for cognitive sys-
tems; Turing machine as the computer system and Neural networks as the brain system. The last part

investigates the retrospective and prospective implications of Godel’s works for cognitive science.

Keywords: mathematical models of cognitive system, Turing machines, neural networks, Godel’s

incompleteness theorems, quantum cognitive science
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SJLe] QIAIA|AELO 2 0183} v o} A HEIZ 0[55I T T2jat A AE
ot sale Rl A 2ok Qo 4 Belof st & QIRIAIA
2] EA1% o, AR|AAdl0] A0} 7]50] Bak FR olsh 2ot ARl Tete Bar
At of7]o|A oA REL AUAA (real world) 7t oty 2}, FA A7 (formal world) E+= 3
(abstract world) o] —l.—o}b didoltt. 212182 AMANAY HE FAANAY A medat off SA|
A, B AAAMAIY DHEHE FAAAIL AL A B SAIA thF= Aol AR akstol A 9] 4~8F
(interpretation) o] X} 74 %EP?Q o]t}

Qx| 1}5re uhS o} k| oF A FE 2} QI K| A] AE (cognitive system) 2 HGL5}H= ul8to|ct, 12

K] 915 (cognition) o 1 €171 301 <] RAACH(I9N3). % 46 2 AAlo] et 273 et
827t Wi A= «1ko] QIA]utsto] 1 AR5 thoh= AlFdo] E Zoltt. Al siata2 AXE BAA Al
o] A& 715 (mental function) & 2 7‘44 ot Al atstat S 2 A=A AA W9l 214 715 (physical
function) © 2 & oJ3tc}. Q1A 58t 52 7| AIA NA U] AAHA 7]-5 (computational function) .2 Q1
A2 olaict. TeiLt QXTSRS S O Lol hA QA2 012, U], ZAEE o Batste] shte] & Lol
ZAA 0 8 A Oo)5t AL Al 25T} ([23]). 0] & QA utsHALE 0] 020 A Q] QIA| 2t 7| 52 ‘]’ o} ‘A FHE’
o] ol 2~ (level) o 4 9] /4 ¥ A 2] (information processing) £ ©O]5}j5tal 152 2] 0]3HC}. Q1K= _JokOILJr
SHA| A B9 (goal-oriented behaviors) S W Z3fof oI}, o] & S ¥, ZUWAM] T Z2bo|u Y552
AR|of] ZIAEIX] F=t}. VAo 7 X5, £, ot A, o], 7=, olall, EAlsi 2, AHAA, 719, A
2, 5718k, A7, A7 IR0l = oH([18][19]). =219 Ha= HsHA o] 2ol = AAe Y E A
A}l (mathematical thinking) of] $t7d 5o TFE Al o| T} ([21]).

QAR 2tetof Fatof| Al RIX[of] tfigt 7H F a9t Aol = A4t (computation) O] 7['E & 2 88 AJATE] QJ T}
([18][19][23]). =& o] 2{gt o]dll= Bt s+etof g o2 BE ©&H Zolt}. A& &5 ALte g o]
st A QIX]afsto] /d 3 o] 7He- AL, Alab QIA|aueho) 7] EolA} A& A4St =T A&
Sof, ‘mal 7HA12) 2t Qx| asko] a1 Aol b dakeiol 91n B el AolE aletyl theat et
([15)).

B (representation). H/4-2 o]T B o] EFQIu} AX| S YA|g}ol = P AIA|A (a formal system) 2 7
ojgirt.

A 2] (process). A 2]= et FAAAZEE th& FAAA 2] o (a mappmg)i dold.

o 7]of| A Q1R 2k shte] A ¥ A 2] 1H (information processing) O 2 A 05 & 1L Q1 11, o] Z1-2 & AL A A of|
A FAAMA 2] gt o] oJafiE] 1 Qltt. o 7] ol A o= DA LA Abo] 9] LR gaof s E T
o ot

7402123 2512132 B U o (D, Marn) & QLS G151 () ALl £, )%
A3 2%, (B)shEglo] waolehs Al 7HA] 240] 77t = W ottt 2EakRTH({I5). ()3 ()
UAlE BHY &< (type identity) o] A2 & 4 Q1L (2) 2 (3) Y WA= A & (realization) o] TA 2 = 5
QIc}. A-otal vl wshg M BIY QIR HELA} o] B (M. Atbib) & AR FF (2 £5S o0l it 2)A
FE (RS a2 o)) Atol9] A2 #AE 29l & & U= ALY 7|0t (schema) £ S5liA 7] 54 &

T LEH A7 Ao]o] A7 AR M e 4 glofof atchn 2=k (1],

}stof| A 885 (action) = A H(Time) ol A 5 7FQ 2 2] 8F4> (mapping) & O|sHE Tt T2 ThH Q1 X| (cognition)

= AJ7bo| A Of3-ol2t= EA 57 (cognition) ©.29] gt 2 o]sfiE 4~}
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of 7|0l A & o] T3 A2 E5to] 0lS-2 olsfist = Aol 7t55tn, 5t AEEE E50] 0132 o]
sfistad = A2yol 7hesttt AAIgstol A = ARS A2 5% < c(connectionist approach) 2} 54,
S 7153918 A s(symbolic approach) 2l $HCF([20][23]). F A2 A& SHALA 34 (projection)
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Broin+ Mind— Computer

AL o g B 2 9lrt 1980 d T et 1990 T E47HA| = 7] 52 0) A A 2a}
O] =5 o] 21 ot} Iyt T S 2 HE] ARVIA] = A 20 A& A

N 2-& QIR A AEIS L& AL 3 st= QkAato| Qi) 3FS Ol x| w}&to] &
%2377 (isomorphism) & 45| = Zol2f 1 & 4 9},

g r
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3 7EEo] Lot 2

< &AM & 2] (sequential
=

datd oz WA 713500 o] Ax|atete REstirh 7] 5 50H AT &
R HE {E] ]-1— /\]/\Eﬂoiz\q

process) & AA|TTE. 7| 22 0) A Ao o]5tH, XA ARIL &~
BE. o]2igt A ARI2 7] 55 £ATSHA] QK] 7] 52 4°8 9Tt ([18]).

713301 A Ao AAtrn el 2 vt 2 ‘B2 7] A"(Turing Machines) 2 &2+ JAA] AH] (formal system)
czRH AFACR FHUT([3]). 18 FZ71A= a2 =2l StAL 7 (Alan Turing) of] 2314 1ot
b Al AEO]TH(On Computable Numbers with an Application to the Entscheidungsproblem, 1936).
T2 AAshe QIto] tighk ebAl wHElg] 2 Al =5 1 2] “AAsH= QIZY 2 ‘A FE (computer)’ 2k 1
FEsict. 12io g Fo] ARSI &of ‘AR = @53 AlAtste 71 & A Sk Aabs A5 o
—JU]E AHE-E Zlo] Tt

2ol ofshel AlZteh QI7HE Satd o2 Bastel Al 7] @ 20) osiA AW 5 ACH() a list

of states, (2) a finite alphabet of symbols, (3) a finite list of instructions). ©] 2 A0]] 2] A] Q17te] A2+
pelroz YT 4 9lon, 1AW e Be 2ol 7)Ao sigHct RavlAe] Sald Aol ra 3}
2o

9] (Turing Machine). > € 7|59 93tAlgholet 5tal, B(Blank& HA|) 9} |(Stroke2 EA]) = > 9]
Ha2t 5HAL qu, qo, - - - B A Hl (states) @] 7] 22}l SEAL (R qu, o, - .= D09 FA7F oY), 2o /371
ATM-2 24 (g;,5,1,®,¢) 2 FALOIT of7]of|A sebt= ) 0] 40|, d=7]a LYK RZ Sh
01%) & 715 ROEHO2 sht ol 5)9] shfolct. 715 g i el 2 et

88 RYVIATM 2 AA40,1,2,...,n0) tsto] o3k 22 goltt,

o

TM :{0,1,2,...,n} x {B,|} = {B,|} x {L,R} x {0,1,2,...,n}
VA TM, .., = -2t Zro] Aojd 2 9lct,
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TMZ+U - qQ7B ‘ L Q3) (Q37’7-BaL7Q4)7 (Q47|7BaL7Q5)7

Q57‘ B L QG) (Q67’;’7L,Q6>7 (q67B7B7R7QO)

she §UMA 54714 UTM o]

P

3 9] (Universal Turing Machine). 2] 7{A| B. &4 F o] tsto], o3-S gt
EANRITE. 42O T M, 1} 4] Q] AtA 4 n it} x of] T 5Hoq,
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T2 FIZ71A7F ALlsh= QI7te] +81A wHojn g RV A2 FAAARE B2 st 7| A2t
It} 1948'd 48] =2 8FA} E 1 0] Tt (von Neumann) 2 £ 7| Alof] YAHE T2 7588 JLASEO 2 ) A7
4] (self-reproduction) o] 7153 5] £0] ZAREI 2 ARFE 2 YoIth([2]). 7| 550N H2L 519 Chpo
AT E2o] A3td nElg 22|H 0z el & wo|nko] HEE S A2
So= A7 FGAMS A2 o2 LS 714, & Adshe =45 7R ' A2 uslit). o] =1
5hof QI7to] Azt Wit L2 5 ofsiE o Q2 A o& 7|Hislitt. o]2ist 7|t = ‘22| Al 7|5 A|AH’]
7172 (physical symbol system hypothesis)” of] 2 ¥tg &|of QItt. o] 7}Hd 2 7] & 5004 0] 7] 241 A A
of sliksto], 2 U182 221A 7] 5 A A0 YRt el Al 9IS 93 R FEEAS WA 20|
QIch Zolh([18]). 5 o] 7ol mp2 Q1zke] QlA|sel = §27|Ale] A2l e Belxlo e pagt At
ottt A= el =ste] Aol U2 A7 Al= 58 AREHY 20| HlS w8 ofyzt
AXA|AEO] £ Q WHlo] E]of, AZFsh= 7] 7|9] Lrllu}t ALo] Wk A5t

QIAR]}ate] AAY £ 23t Ao 2 HItE] = ‘Logic Theorist’(1955) += %4 (A. Newell), £ (J. Shaw)

QF AFo]& (H. Simon) 0] THE £ £ 9] Q1-¥A|5 &2 73H0]| Q] =0| (Empirical Explorations with the Logic
Theory Machine: A Case Study in Heuristics), 2]/ (B. Russell) 2} 8}0] E5]| & (A. Whitehead) 2] Principia
Mathematica®] R|2751S £33t 4 9= m2 T2lo|gic}. 1 50] 2} Afo] 2o] AukR el x7}x] 25
A7 AULEA| 2 sjAS 4 Q= T2 73S M A|5FLA} §F Z10] L & 7238 ‘General Problem Solver’(1961)
Aot A/ A A (Production system), =7 FA]| AH (Expert system), ACT, SOAR 52 7] 5.3 2] & A 1o]| A
o|2A oz 5t WHlZo|T}([18]). Oracle FJ 714, A4S/ (complexity) -5 73 71 A1t WA= ohdet
81 Aol Bstol e [13]0] & 47 o] e,

ot | r2 ot fT

;O

ofr

QAR Tt ol o] AAZ0] 2L b2 Eoto] 0122 ofsistel L Tabe 1SS BolA mAF Zolc, of
Aol Blo] ol AR Al ofs] QAR A AR FHstiAl g, AAZOlo] olste XA A
b

AHElI O
— o
ARYTH YRR SAI 2 2] YA of of5) HYY 4+ Urh(17). 1202 ARFOA

TT E v %91 o
ALE A AR Th2-0] 2ot ol FF7IAQ] LRt &AM AP A b= of 2 7HA] Hol A =g
dEE LR AR
(Symbolic Approach) | (Connectionist Approach)
5 o =1 13T
L DpJES o] AIAH o A2
SEA YA A Al EELRKE
e AR EE IR =2
gkl 1A 7T Aol 7TerE
z2 1Y =% R A2 xe 1Y
a5 =7 737
AR A HAA T=A
R gtet AA] oA A
2SR A e =, 28
TR A A=7tE8 HiolE 28
A S oFe )
AFEAF QIETHO]X | SfolE SFAE EEEEY

171 g Won] Ax|Ttele] 208 502 AL 28 198040l AT, e oz s
73A32] stAt 4 2 3 (Warren McCulloch) @t £~8HA} I & (Walter Pitts) of] 9] 3] A] ] 9] £~8HA] mdl
AT} (A Logical Calculus of the Ideas Immanent in Nervous Activity, 1943). 0] Z1-2 | of] Tt AL
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o] Ao A & 27| Q) AZI0| QL. o] =B UIA +E (neurons) ] 257E BEIZ
logic unit) 7} Al 55 )it 259 A= 7FH O A A o] Ab=5 whof o Al
(A.N. Whitehead) 2} 2148 (B. Russell) 2] 4:2] =2]stoj| 4] AF2-% 80| = R EHST 71 0]
EJ71A1Q] AAS AT 4 Q= A7 T (neural networks) 0] £~8HA @ .S K| 55}

M2 2 3 -0 = A7 (McCulloch-Pitts Neural network) 2 M7 2 3.9} o] =7} A |5t 22| HZATo]
.

74 9] (McCulloch-Pitts Neuron). F&2 m 7§12 U= xy, 20, ..., 2, T ot 5 w5 714 A =2
Holtt. &2 AlF A2AID t = 1,2,3,... 0 T2t SASHY, 729 Y=ol dARMEH 2 4%l 2et
(fire) T} o] gt 1Al 2 th-Sa 2ot

y(t+1)=1 Hin(t) >0

N%Qm sfo] E8| =

ol2]3t Pge Brh Ul o] bt 2o] & EO) 28P8 Bl Aviate| ot

X, —
P —"y
. W, y
X —
W,
A 710 A ;= U= (the inputs), w; = 715 A] (the weights, 2% F&2] AlHA AA7 T (strengths)

x
< 2oJujgh), = YA (the threshold), u+ &3 (the output) ©| T}
. o (£) >
y(t+1) = { Lif o wiwilf) 2 6 }

0 otherwise

o|2{gt H-&29 U EQ Fof tigh A A4t Eo] Q1X]a}ste] 4173 Y (neural networks) 2= 0] & Qlc}. 53]
1980 A ] of| = &/d &t &4 (activation function) 241 9] TheFot AA|gh0] F7oF AZAIE S YER = of
71 A] (architecture) of] T2} of 2] 7HA] 9] 4173 0] ZHE =] Qitt. of 7]l A A1F 9] o} [l A = U= 7HAl
T2} & (a directed graph) oF 2T}, 7|24 Q1 A1 Y2 b2k 2ol Fojd 4 Qo
9] (Neural Networks). AW QA1LE (N, X,Y,C,q)°lth. 7| M N2 FH =9 S, N+=
PAY AL, Y = FHA AL, C = N x N+ AH29 A4 (connections), ¢ : N — F = wALddT4olch
(F & w1olA ] dAS~E2 AD).
2102 AFYNA (N U X, )= WS 7H8 (B2 91eFS 7HAA] 912 7HaX] J2f (weighted
-] =

graph) o c}. 124 ofa] 7}x| AAYO] RAL 71EA] Tejmo] F 5ot A 40] E R wat 18

2t oS 59, 5Ys 2 A FAIRE of ST A (traveling salesman problem) & &0 4] 7 ]i—.—
oA A2 St Bl g e MAlS woled S e Al 749t (Hopfield Network) 2 9H3F-S 71X & 9F-e

T2 = (undirected graph), T} (multi-layered) OF7|E1A], f: R" — {1, -1} YA (RS A9 A n
2 xHei%) Bof BA1Z AL gloirt

FaZ1A1et vlws] = o, AW £33 w19 E/d%} (activation) 5 G5 L 0] %l AJZHH SO
A #7gsto] TE-2 A7 o] S (configuration) of] SIS TH A7 Ujof| Al LA4d o] ©7] 7] (short-term
memory) Ol SHEEH, 715X 2] W2 %7171 (long-term memory) O] siFE T} o] 2| gt LR O A, 715
X1 W3t % AA o] 5L oA WAL Zo] vl Al A0 ‘314 (learning) ©] A <Jo]c}. o

JolIA4 15K RS ol 4] Hue Fol shFct. Teine s a5 HIel Fr|AYE
go] QAT MY 2L A5 53 MY 4 Yrhe 2L WS WoIF ),



LS potRlor nElYet A4 Y e RE7IAME YA A (CPU) 7 A5 B QsHA] ¢k o ‘34 5
Qlou g PAMIX]| == (fault tolerance) 2 AU 11 9Jth 1 HItEICh Al73Tko]
H, 0]% o= —5_9_01' pdzZe o (Hopﬁeld) A7, oY (Hammmg)

Lo opi g2
Bl ox du rlo

2 ol rfr
5
NP
5
Z
es

ojH, 2173 Uroo‘;éj 8—.m 71]*“3*01] st = [24 Oﬂ & ’“7HH01 EJE}.

5 el 2

ARA|ARIS] 24} 7] 52 sl g5t H5ote = GAA S82 722 & (Euclid) @] ‘52| 8} (axiomatiza-
tion), of2] A E El2f| A (Aristotle) 9] ‘=2]3l ofjA] 1 £ Aot 2 4 Q. 2fo] =Y = (G. Leibniz) = ¥ H
AINEE 2dY £ = Aof, & 1}sHo] W 1 A of (characteristica umversahs)g 7|13 (symbol)2t1l B 17,
713.0) A A8 o] B E ARG A2 4 e Aoz A|efgict

-2 (G. Boole, An Investigation of the Laws of Thought, 1854) <& +=2] sF2] th4-8}-2 A A|ekslct. 1= AF1L9]
QIAby Rlo] ERJEFCHE, AbiLol Tigt T ZlAto] 7hsatch L AlZiaict 32 o] it wixfo] ZREITere
Eqfolol 2 ol 2l xeiat ol ite] 71150 s1ck

B2t &el, T A (G. Frege, Begriffsshrift, a formal language, modeled upon that of arithemtic, for pure
thought, 1879) = =2] 0| sta}achi Aste] =olah2 A|J3ich 1A S B 2617 B7151 1A} 7] 5.2 AL g5}
of |28 =2A|AES Aotsict, 19 o2 =2]she (1) PA|3H4: (propositional function) 9} (2) 4s}
(quantification) & Z&& & 01+=2] 5} (predicate logic) 2 2 WE55t0] FA|=2] AlHE Utdstal &ofw=2] Al
the @A HT T WAIR 5 Solot 2HE20] AIPNES Eoto] RE SabA RS Eejstoe
A & ohar AZEsEI Tt o] 2 st LAt 2]y} 8o E 5| & (Principia Mathematica, 1910-1913) of] 2] 5]
AlS= A

ol2]gt A of tjsto], YH| 2 E (D. Hilbert) &= =2] & F22E RS 2e 325 A'd FAA|AH
(axiomatic formal system) 2 4519 7] & 2 4fotof etthal A§Z¥slict. J+= o] JAA|A'o] A 7HA] 241 (1)
22 5 (consistency), (2) 24 7Hsd (decidability), 2] 1 (3) 74/ (completeness) = THEoHH, 4~5F
SEmol2 AT 4 918 ZHolakn EsyCY,

& (K. Godel, "On Formally Undecidable Propositions of Principia Mathematica and Related Systems
[1931) 2 A1 &L /d =] & &5to] 2| dut sto] B =9] =] Al A8/ (PM) UolA 2 &7 FAI7T
A9 SYsHALt ot 2 Y=E0| 22 13o) 9 4 Y8 olvlalch BH ATe BN
2|5 5Y5tAA, A4 HolA Y Q1Y (encoding) ¥ T 29 (decoding) 71'H -2 A5 0]-&510] LH5H|
TAFRLo 24 A ol 27} L RE o] £ a3 BHE Y717 shairt.

Iq o] &|12A A7 2] (1931). HAIA]AEl PM o] 2123 (consistent) Y T, PM oA Z2HE 25

gr5E 5 Qe A =753 YAl (undecidable propositions) 7 &A1 S}

JJ o] M2 22X A4 A 2] (1931). GAIA AE! PM o] B8 2> (consistent) Y T}, PM AHA|9] L2 AL

YolH 59 4 ¢

o O& T B

e
r2
oX.
oX
i
oE ©
ro,
o)
=
1o

Lo

T

M

QUR|TeL elstel AArste 7] Ae] 2o BRe Al FsA H9Y B0l 19363 =28 APl o)
ZURE PM o] 20| §217]4 FAIX] 28] Yol A A x| 275 £A] (unhalting problem) o 5814 ©
2 55818 wol7] 9 Aol qitt. 3ol AY ol gT & AlA| AR (1934) T} K| 7124 (general recursive

1=
function) & Q17| 3k8FS TAIsHE Qo) ARA 2L sl €9tk 515 olo] LA M| (A. Church) o
A AR, 59 (A, Turing) @] F-& 714, ZAE (E. Post) 2] A/d A| AH! (production system) ¥} 22 & A]
A AR S O A|ARLS 0] A ofsh= AliVHs 9 E% sto = FAQ Aoz SHEHAS.([6][7]).
o710 A &S AT 45 s B2 QIR atste] 7] 2 5008 oA 7124 &2
o] w919 Zolct. 7}e, EAE0] A AR Q ﬂ:ﬂ@%w%aaﬁﬂgwﬂL 210f st} & 47]
(N. Chomsky, Logical Structure of Linguistic Theory, 1955) 2] A/d = ofl A1 A Q1 FFS AT}
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7hA} SRl Q] B0k KA g o] Q9T ([1][141[21][29)). 2] 22]
ﬂﬂﬂmhﬂ_Lmu¢@m$ay4$%%ﬁu4%m B, QIR|A| ARl AR QA 4 girke 2 o

o] Ao AL B7h53S SOl shA| ek TejA

§ o] WalZ 4 gl TAIZE EQE Zolt. o] Ae] ot
ﬁa}@memwhxw: 0l oA, o] e chgal 0] 5 /1Al 2 MR 4 glek
(nqﬁqﬁawqﬁﬁT&nﬂ%%éz%ﬂ%uimgsﬂbﬂ% 54 2744 (). Lucas), He =

(R. Penrose) 5°] T &4} aFAfo|c}.

) 21} 7210l oJsllA] (1)0] A2 ¢ 4 Sk 74 S48 (D. Hofstadter), o] (M. Arbib)
2371 (N. Shankar) 50| T &4 skxto|ct,
R R A i
A = Fets] srtetth” (B) “Ad si2€ & fle a9PA ZAI7E EA1T” 22i 22 Ao A= ot
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