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1 < N < 10 ⇒ 1014 · 2 = (30, 1029, 9956, 6399− 1) + N ⇒ 2
.
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210 = 1024

210 = 1024 = 1.024× 103 ⇒ 10 · 2 = 1.024 + 3 ⇒ 2 = 1
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

A1 = Z1 · Y1 · y +X1 · x
A2 = Z2 · Y2 · y +X2 · x
A3 = Z3 · Y3 · y +X3 · x

A1 ∼ A3 Z1 ∼ Z3, Y1 ∼ Y3, X1 ∼ X3 z y x

z =
A1Y2X3 −A1Y3X2 −A2Y1X3 +A2Y3X1 +A3Y1X2 −A3Y2X1

Z1Y2X3 − Z1Y3X2 − Z2Y1X3 + Z2Y3X1 + Z3Y1X2 − Z3Y2X1

ZaYbXc

+

− a < b < c

Z3Y2X1 −

Z1 Z2 Z3 A1 A2 A3

Y1 Y2 Y3 A1 A2 A3
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Appendix 

The symbol ( )mf n denotes the number of permutations formed by 1, 2, 3…m with n inversions.  

For example, permutations formed by 1, 2, and 3 have three numbers of inversions: 

Number of inversions 0 1 2 3 

Permutation 123 213ǵ132 231ǵ312 321 

We write 3(0) 1f  , 3 (1) 2f  , 3 (2) 2f  , and 3(3) 1f  . Let start the observation from 1m  . 
1m  烉     

1 � number of inversions烉0  
 

2m  烉  
1 2 � number of inversions烉0  
2 1 � number of inversions烉1  
 

3m  烉 
1 2 3 number of inversions 0

3
2 1 3 number of inversions 1

�
�

烉

烉
 

� The numbers are as the same as 2m  . 

1 3 2 number of inversions 1
3

2 3 1 number of inversions 2
�
�

烉

烉
 

� Each number increases 1. 

3 1 2 number of inversions 2
3

3 2 1 number of inversions 3
�
�

烉

烉
� Each number increases 2. 

 
4m  烉 

4 � The numbers are as the same as 3m   

4 � Each number increases 1 

4 � Each number increases 2. 

4 � Each number increases 3. 

n 0 

1( )f n 1 

n 0 1 

2 ( )f n 1 1 

n 0 1 2 3 

 1 1   
  1 1  
   1 1 

3( )f n 1 2 2 1 

n 0 1 2 3 4 5 6 

 1 2 2 1    
  1 2 2 1   
   1 2 2 1  
    1 2 2 1 

4 ( )f n 1 3 5 6 5 3 1 



 16

�

�
 

^ ` ^ `10
5 0
( ) 1, 4, 9, 15, 20, 22, 20, 15, 9, 4, 1

n
f n

 
  

^ ` ^ `15
6 0
( ) 1, 5, 14, 29, 49, 71, 90, 101, 101, 90, 71, 49, 29, 14, 5, 1

n
f n

 
  

^ `21
7 0

1, 6, 20, 49, 98, 169, 259, 359, 455, 531, 573,
( )

573, 531, 455, 359, 259, 169, 98, 49, 20, 6, 1n
f n

 

­ ½
 ® ¾
¯ ¿

 

These sequences constitute the Triangle of Mahonian Numbers (or Mahonian Triangle).  The name 
shows the respect for Percy Alexander MacMahon (1854~1929): 

 
Now, we introduce discrete mathematics.  Rewrite the tabulation of 4 ( )f n as follows: 

 

 

 

 

 

Then we see the procedure of finding 4 ( )f n from 3( )f n is multiplication of two polynomials:  

2 3 2 3 2 3 4 5 6(1 2 2 )(1 ) 1 3 5 6 5 3 1x x x x x x x x x x x x� � � � � �  � � � � � � �  

In the similar way, we have 2 3 21 2 2 (1 )(1 )x x x x x x� � �  � � � .  Therefore, we find the 
generating function of ( )mf n : 

1( ) 1F x   

2 ( ) 1 (1 ) 1 1F x x x � �  � �  

2 2 3
3 ( ) 1 (1 ) (1 ) 1 2 2 1F x x x x x x x � � � � �  � � � �  

2 2 3 2 3 4 5 6
4 ( ) 1 (1 ) (1 )(1 ) 1 3 5 6 5 3 1F x x x x x x x x x x x x x � � � � � � � �  � � � � � � �  

n 0x  1x  2x  3x  4x  5x  6x  
0x  1 2 2 1    
1x   1 2 2 1   
2x    1 2 2 1  
3x     1 2 2 1 

4 ( )f n  1 3 5 6 5 3 1 
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2 2 3 2 3 4
5 ( ) 1 (1 ) (1 )(1 )(1 )F x x x x x x x x x x x � � � � � � � � � � � �  

      2 3 4 5 6 7 8 9 101 4 9 15 20 22 20 15 9 4 1x x x x x x x x x x � � � � � � � � � � �  

2 2 3 2 3 4 2 3 4 5
6 ( ) 1 (1 ) (1 )(1 )(1 )(1 )F x x x x x x x x x x x x x x x x � � � � � � � � � � � � � � � � �     

2 3 4 5 6 7 8 9 10 111 5 14 29 49 71 90 101 101 90 71 49x x x x x x x x x x x � � � � � � � � � � �  

12 13 14 1529 14 5 1x x x x� � � � �  

�

�
 

1
2 2 1 2

0

( ) 1 (1 ) (1 ) (1 ) (1 )
m

m k
m

k

F x x x x x x x x x x
�

�

 

 � � � � � � � � �  � � � ���� �� ��  

The coefficient of nx of the expansion of ( )mF x is ( )mf n .  However, it still requires some work to 

write down the expression of ( )mf n . 

 


