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ABSTRACT

In this paper we present a didactic activity developed under the Project Based Learning approach. We
wanted that our students experienced the way the seventeen-century scientists did calculations without using
computers or electronic calculators. The didactic activity involved the use of Lemma V included in
Newton’s Principia Mathematica. We discuss our experience applying this activity to Engineering students
and a group of in service teachers of high school and university. We also show some results of our students
concluding that the main goals stated when we designed the activity were fulfilled.

1 Introduction

In our classrooms students live with electronic calculators and computers without any idea
of how scientist made their discoveries in the past. Most students do not imagine how
Archimedes, Pythagoras, Pascal, Newton, Euler or every famous mathematician and
physicist did the calculations they needed. To be honest neither we did as students. Many
of us do not imagine how ancient scientist could work without calculator or computers, or
even without the Calculus and a gravitational theory like Newton’s.

We designed our activity with three main goals; the first is to discover the way scientist
worked in the past centuries. The second goal is to justify the need of numerical methods
and the third one is to rediscover one of the most famous books in the History in a twenty
first century classroom. In addition we want students to solve a problem that is not
included in pre-calculus classes.

Project Based Learning (PjBL) approach was used to design the activity, we gave a
short context and a set of real data to be used.

2 Origin of the activity

By 2005 two colleagues of us were working with Taylor’s Series and its original source
when they were told about some interpolation techniques proposed by Newton in his
Lemma V included in “Principia Mathematica” (part of Proposition XL Theorem XXI,
Book 3). After some time, one of the authors of this paper was researching about
numerical series and its origins as part of his PhD thesis (Rosas, 2007) and Lemma V was
mentioned again.

In Instituto Tecnoldgico y de Estudios Superiores de Monterrey (ITESM for short)
Engineering students must learn mathematics based on “real world applications”. This
way teachers need to apply some didactic techniques like Problem Solving, Problem
Based Learning, Cases Study, Project Based Learning and others. After some years of
using these techniques students feel fine with this kind of learning (at least we think they
feel fine). As a result of our technological era our students think that only computer
solutions are good and sometimes they do not respect ancient methods.



In 2009 because of these reasons we decided to design a didactic activity that included
Project Based Learning, an ancient technique and a “real world” situation. Our first idea
was to give to our students some invented data of a car to approximate its position. Then
we remembered that Newton’s Lemma V deals with asteroids and we thought that it
would be a good idea to use real data of an asteroid. After a brief quest in diaries we found
an asteroid (Ruiz, 2009) named 2009ST19, one kilometre in diameter and passing around
600,000 kilometres of the Earth, it was discovered by the Spaniard astronomer Josep
Maria Bosh on September 16, 2009. We visited the Jet Laboratory Propulsion web page
(Jet Laboratory Propulsion [JLP], n.d.) to find some data about it.

The Solar System Dynamics is a sub web page of JLP where we can find any data
about celestial bodies in the section Small-Body Database Browser [SSD-SBDB] (Solar
System Dynamics, n.d.). After writing the asteroid’s code in the search field we can find
every known data about the asteroid. With the Ephemerides option we can choose the
period of time where we want the system calculates asteroid’s data.

Some of the data we can get are number of observations, data-arc span, first
observation used, last obs. used, elevation angle, perihelion, period, and Sun-Observer-
Target (S-O-T). The called S-O-T is the angle between the Sun, object and observer; a
short explanation of its different values is:

Sun-Observer-Target angle; target's apparent solar elongation seen from observer

location at print-time. If negative, the target center is behind the Sun. Angular units:

DEGREES. (Solar System Dynamics, n.d.)

In our first design we choose the elevation angle of the asteroid, but we thought that its
values were changing so much that our students could make mistakes. So we decided to
use the S-O-T angle because its variations were more suitable to the example provided by
Newton.

This way our design included an ancient method of interpolation used in a time of no
computers and involved the use of a real object that could endanger the Earth’s life; this
last thing was interesting for our students. To increase the feeling of the historical context
we decided to use the original Latin version of Newton’s Lemma V.

3 Activity in detail

PJBL is a didactic technique built over real learning activities that catch students’ interest
and also encourage students to search new knowledge. Activities under this approach are
designed to solve a problem and generally show the many ways people learn and work in
the real world.

Some characteristics of PjBL are: Environment focused on learning, Collaborative
work, Real world tasks, Many ways of solving a problem, Time management and
Different ways of evaluate students’ work. These characteristics let teachers to act like a
guide instead of a “know-all” people. This guiding is important because in some projects
students do not know how to solve the problem and neither the teacher.

The didactic activity was called “finding an asteroid”. In SSD-SBDB we selected 13
observations from July 18 to November 15 in 2009, with ten days of separation. We show
the full table of these data in Image 1.
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Image 1. Values of the elevation angle for asteroid 2009 ST19

In the activity we ask students to apply Lemma V from Newton’s Principia
Mathematica to the table in image 1 and to approximate the value of the S-O-T angle of
the asteroid for two different dates. We choose September 10th because it is a date inside
the given observations like Newton’s example and Lemma V should give a good
approximation of the real S-O-T angle, this was the first date. The second date was
November 25th, a date outside the given observations. Lemma V then gives a wrong
answer and we wanted to find what students would do when their calculated value were
visible wrong. In image 2 we can see part of Lemma V schema and formulas.
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Image 2. Image of the schema and formula of Newton’s Lemma V (Newton, 1667, p. 482).



The complete activity was available in a webpage format in the course’s web page.
Students had to open the activity and solve it in a one-week period. There was not a
specific format for the final report, but it should include calculations, diagrams, graph or
anything else they used to solve the activity. In the appendix we include the translated
version of the activity.

4 Experiences applying the activity

So far we have used four times this activity. Three times were used with students in first
year of Engineering and the fourth time the activity was solved by students in first
semester of Master Degree in Mathematics Education.

Our first experience was with a group of approximately 25 first-year Engineering
students. This time the activity included the original text written in Latin by Newton.
Many students complained about the activity and asked for a translation in order to solve
the problem. Because students could not apply the algorithm to the data we gave them,
their teacher had to solve a short example in the classroom. After that students were able
to repeat the process with the data set of the 2009ST19 asteroid. After so many complaints
we had students’ answers just like the example of the teacher. We decided not to include
the answers as part of the research because all of them were almost the same and we did
not observe any personal details. We think that the example drove the students too much.

As we wanted the students to discover how the seventeenth-century scientists
calculated a planet’s orbit without computers (and electronic calculators), we decided to
include a short explanation of the algorithm in Spanish for the second time we applied this
activity. After this modification, we gave the activity to the students and they focused on
the algorithm and the involved mathematics. Two groups of Engineering with 30 and 32
students solved the activity.

Most students did the calculations by hand but they tested their results using calculators
or a spreadsheet. This time they showed interest in the usefulness of basic arithmetic to
solve something complicated as the orbit of an asteroid. A couple of students delivered
solutions including remarks that we did not expect.

Last time we used this activity in a class was in an introductory course of first semester
of an Online Master Degree in Mathematics Education. The students of this MD program
need to be in-service teachers of high school or university (they usually are over 28 year
old and we will refer to them as teacher-students in contrast to university students).
Because of this characteristic we decided to use the Latin version of the activity. Teacher-
students did not complain, they just asked if there were Spanish, or English versions of
Newton’s Principia Mathematica. But they did not wait for our answers; they searched
Latin to Spanish dictionaries or automatic translators. Some teacher-students translated the
Latin text; others found Spanish versions of the text. After a couple of days every teacher-
student could read and follow Newton’s text. We thought that the translations would have
some mistakes but teacher-students shared their texts and fixed the mistakes of their
translations.

The common experiences of this group were the spontaneous and cooperative work
among teacher-students; they also liked the use of arithmetic to found the position of an
asteroid. Some remarks of them were about use a Spanish version of the activity in their
own classrooms.



5 Some students’ answers

Now we analyse some of the answers that our students gave us. There were no restrictions
on the final report, but many answers had common elements in technical details and
format.

One of those common elements was a graph where students plotted the asteroid’s data
set as points. Some students included in their graph a point representing the unknown
value but it was not a general characteristic. Almost half of these graphs were drawn with
a continuous curve joining the points.

Most students included images of the paper sheets where they wrote their calculations.
Divisions, products, sums and subtractions were included in the reports as an evidence of
no using computers. The S-O-T angle of the asteroid calculated with the algorithm was
quite near the real value.

On the left side of image 3 we can see the calculations of letters a, 0, p, q, 1, S, t, U, v, w,
X, y and z following Newton’s calculations. On the top middle of the image we can see a
text inside a box titled “altura de A” (“the height of A”) and below it the substitutions of
the values found on the left side of the sheet. This is the case of the S-O-T angle for July
18. The last calculations are for the case of November 15, and as it can be seen in the last
line the angle is negative (but it should be positive).
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Image 3. Students’ hand made calculations

One student’s answer includes some remarks we think are interesting. He made his
calculations by hand but he thought that he could be wrong. As a way of verification he
used Stellarium (a free open source planetarium for the computer with 3D visualizations
of the sky) (Stellarium, n.d.) and he found that his value of the elevation data calculated
with Lemma V was a very good approximation. He said that with his telescope he took a
photo of the asteroid but he gave us not details about the class of telescope and camera he
used so we were not sure if he really took the photo. With the same kind of calculations



another student commented that she used the software Mathematica to interpolate the
value of the S-O-T angle and she found that her results were good.

Teacher-students’ solutions were like students’ solutions, the only difference were that
teacher-students did not complain about the Latin version of Newton’s Lemma. Most
teacher-students delivered their calculations made by hand and a spreadsheet as a kind of
validation of their results.

6 Conclusions

In every one of the three experiences we considered applying this activity we found the
same situation: Students gave respect to ancient scientist and their work done without
computers. We also found some students really involved in the activity; they felt very
interested in Lemma V as a good way to approximate unknown values based in a few
observations. We found students, who did not like the activity but they were no more than
five and we think it is a good result. Every time we used “finding an asteroid” students
were interested and we think it is because the problem is not a common problem like “find
the equation of...”

We did not mention to our students that this technique involved an interpolation; our
idea was to generate in our students’ minds the need for this kind of methods. One student
tested her results using interpolating software and this was unexpected. But it was only
this case.

As a final remark we can say that we fulfilled our three goals in last three times we
used this activity. Some teachers had given us suggestions to modify or strengthen the
activity and we are working on that. We hope to get better results.
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APPENDIX

Didactic Activity: Finding an asteroid

Date of application: December 01, 2009.

Remarks: This activity was available in a web page and the images were of high quality,
but in this appendix we include those images with low quality.

This activity is named “Finding an asteroid” because you will work with real data of the
position of an asteroid, and you will use a method created by Newton in 1667.



The next two images show two pages of the book Philosophiae Naturalis Principia
Mathematica written by Isaac Newton in 1687, as you can see it is written in Latin
because at that time scientists wrote in Latin (actually we mostly write in English).

The first part of your job is to read Lemma V, yes in Latin.
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xima ex parte fupsa Planetas verfantes, & eo nomine orbes axibus
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met {ic quadruplo major axe orbis Saturni, tempus revolucionis
Cometx erit ad tempus revolutionis Saturni, id elt ad annos 30,
ut'4 + 4 (feu 8) ad 1, ideoque erit annorum 2 40.

Corol. 2. Orbes autem erunt Parabolis adeo finitimi, ut eorum
vice Parabola abfque erroribus fenfibilibus adhiberi poffiant.

Corol. 3. Ex propterea,per Corol. 7. Prop. XVI. Lib. L. velocitas
Cometx omnis erit fmpe’r ad velocitatem Planete cojufvis circa
Solem in circulo revolventis, in dimidiata ratione duplicate diffan-
Tix Cosst 3 centro Solis ad diftanciam PERE% 4 ceatro Solis
quamproxime, - Ponamis radium orbis magni, feu Ellipleos in
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Pﬂit?sz-‘:’féﬁfi%z;_ et e i6°partes 'md;.é-‘ﬁ‘ _',I:1'm.ajaribils
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valla HI, IK, KL, &c collige perpendiculorum A4 H; B,
CK &c. differentias primas #, 2 1:131 b, 4 b, 5b, e, fecundas ¢,
p SRS 8,
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The second part of your job will be to apply the method described by Newton to a set of
values of the angle called S-O-T. The red line shows the formula you can use in this
activity.

The set of data belongs to the asteroid 2009ST19 that we got from the Jet Propulsion
Laboratory web page:
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Now we give you some values of the S-O-T angle from July 18, 2009 to November 15,
2009:
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200%-Jul-18 00:00 110.6586
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200%-Nov-05 00:00 1497562
2009-Nov-15 00:00 159 .0660

Now you have to calculate to positions of 2009ST19 using Newton’s formula:
1 The angle on September 10.
2_ The angle on November 25.
The conditions of this activity are:
a) You cannot use computers
b) You cannot use calculators
This is because Newton had no any of them.

You have to deliver your report in DigitalDrop Box of our Blackboard’s course; you must
include an image of the calculations made by hand. Feel free to include any other data or

image you think is important for your report.

Thanks...



